ON THE RATIONALITY OF MODULI SPACES OF POINTED CURVES 



G. Casnati and C. Fontanari 

Abstract. Motivated by several recent results on the geometry of the moduli spaces M. g ,n 
of stable curves of genus g with n marked points, we determine here their birational structure 
for small values of g and n by exploiting suitable plane models of the general curve. More 
precisely, we show that A4 g , n is rational for g = 2 and 1 < n < 12, g = 3 and 1 < n < 14, 
g = 4 and 1 < n < 15, g = 5 and 1 < n < 12. 



0. Introduction and notation 

The geometry of algebraic curves varying in families is a very old and fascinating subject, 
which naturally leads to consider the moduli space M. g of smooth projective curves of genus 
g over the complex field C. 

In order to investigate M. g with the toolkit of algebraic geometry, the key ingredient is 
provided by its Deligne-Mumford compactification A4 g defined in terms of stable curves. 
Indeed, Ai g turns out to be a (mildly singular) projective variety and its boundary A = 
M. g \ M. g has pure codimension one. Moreover, A presents a natural inductive structure, 
its irreducible components being obtained from moduli spaces of strictly smaller genus via 
the operation of gluing curves at pairs of points. 

This remarkable fact suggests to consider more generally the moduli spaces M g , n of 
smooth n-pointed curves of genus g, parametrizing curves together with an ordered n-tuple 
of distinct points, and their analogous compact ificat ions M. g , n - Again, each irreducible 
component of the boundary M. g , n \ -^g,n is the image of either M. g _ l nJr2 or M. gi ni+1 x 
M S2,n 2 +i with gi + (72 — 9 and n\ + n 2 — n via a suitable gluing morphism. In order to 
exploit such an inductive pattern, the philosophy is to investigate these moduli spaces all 
together, even if one is mainly interested in M. g - 

Indeed, the inductive approach has recently reached significant results both from a 
topological and a geometrical point of view: we cannot resist to mention at least the com- 
putation of the first few rational cohomology groups of M. g , n by Arbarello and Cornalba in 
[A-C2] and the conjectural description of the ample cone of M. g , n in purely combinatorial 
terms by Gibney, Keel, and Morrison in [G-K-M]. 

Such a context also motivates the effort of extending to the pointed case the many 
techniques and results available for M. g - For instance, the fact that its Kodaira dimension 
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k(M 9 ) is non-negative for every g > 23 has been established in a long series of papers (see 
[H-M], [Hr], [E-H], [Fal]). Along these lines, a nice contribution [Lg] by Logan determines 
for each g with 4 < g < 23 a small integer h(g) such that the Kodaira dimension n(Ai gjn ) 
is non-negative for n > h(g) (see also [Fa2] and [Fa3] for some recent improvements). 
In the present paper instead we are going to prove the following 

Main Theorem. The moduli space M. g , n is rational for g = 2 and 1 < n < 12, g = 3 
and 1 < n < 14, g = 4 and 1 < n < 15, g = 5 and 1 < n < 12. 

A few comments are in order here. The case g = is trivial: indeed, A4o,n is birational 
to (P^)™ -3 for every n > 3, hence it is rational whenever it is defined. The case g = 1 
has been settled by P. Belorousski. In particular in [Be] it is proved via a nice geometric 
analysis of some plane cubic models of n-pointed elliptic curves that M.\, n is rational for 
1 < n < 10: for the sake of completeness we give a quick resume of such a description 
in Section 1. We also point out that Belorousski's result is sharp: indeed, the fact that 
H 11 '°(Mi j ii, C) 7^ (see for instance [G-P], Section 4.1), implies that Mi^i is not even 
unirational. More precisely, k(A^i ; h) = and k(Mi :71 ) = 1 for each n > 12 (see [B-F], 
Theorem 3). 

In higher genus the state of the art is as follows. It is well-known that Ai g is rational 
for 2 < g < 6 (see respectively [Ig], [Ka4], [Ka2] and [SB1], [Ka3], [SB2]), and unirational 
for 7 < g < 14 (see [A-S], [A-Cl], [Se], [C-R], [Ve] and the references cited there). 

The rationality of M. 9j i is also known for g = 2 (see Section 6 of [Do]), g = 3 (see 
Section 10 of [Do], where the rationality of is attributed to Shepherd-Barron without 
quoting any reference, and [Lo], Corollary 1.9, where an explicit proof is provided) and 
g = 4 (see Theorem B in [Ca]). Moreover, in Section 7 of [Lg] the author determines for 
g = 2, . . . , 9, 11 an integer f(g) such that M. g , n is unirational for n < f(g). 

The Main Theorem above shows that unirationality can be improved to rationality at 
least for genus up to 5. We stress that for g = 2 we even cover the first case in which 
unirationality was not previously known and for g > 3 our bounds for n coincide exactly 
with the numbers f(g) computed in [Lg], which turn out to be sharp at least in genus 
(7 = 4. We also point out that our approach relies on classical constructions of suitable 
plane models of the general curve of genus g, obtained from its canonical embedding 
by using the marked points. Hence we deduce the existence of a birational equivalence 
■M g , n ~ X/G, where G is a linear group and A is a G-linearized projective bundle. Then 
we prove the rationality of -M g , n by checking the rationality of the quotient X/G via a 
case-by-case careful analysis exploiting several technical tools from rationality theory (for 
an overview of the standard methods see for instance [Do], [SB3], and Section 2.9 of [P-V]). 
Unfortunately, this natural strategy does not seem to apply for g > 6 and we leave the 
interested reader with the following 

Main Question. Is M g ^ n rational for all n < f(g), where 6 < g < 11 ? 

The authors wish to thank Gilberto Bini and Roberto Notari for several stimulating 
conversations on the subject of the present paper. 

Notation. We work over the field C of complex numbers. We denote by GL^ the general 
linear group of k x k matrices with entries in C and by PGL^ the projective linear group, 
i.e. GLfc modulo the subgroup of scalar matrices. 
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Let C[x±, . . . , Xk] be the ring of polynomials in the variables xi, . . . , Xf- with coefficients 
in C, C[xi, . . . , Xk]d the vector space of degree d forms. 

If gi, . . . , gh are elements of a certain group (resp. vector space) G then (gi, . . . , g^) 
denotes the subgroup (resp. subspace) of G generated by gi, . . . , gh- 

Projective r-space will be denoted by P£: for each i = 1, . . . , r + 1 we denote by Ei 
the point in P£ all of whose coordinates but the i th one are zero: E r+ 2 G P£ is the unit 
point, i.e. the point whose coordinates are all 1. If V is a vector space then F(V) is the 
associated projective space. 

If X is a projective scheme, then a divisor D on X is always intended to be a Cartier 
divisor and \D\ denotes the complete linear system of divisors linearly equivalent to D. 

A curve C is a projective scheme of dimension 1. If D is a divisor on C then <P\d\ 
denotes the map induced on C by \D\. If C, D C are distinct plane curves, then C ■ D 
denotes their intersection cycle. 

Let M. g ,n be the coarse moduli space of smooth, projective n-pointed curves (briefly n— 
pointed curves in what follows) of genus g. A point of M. g , n is then an ordered (n+l)-tuple 
(C,pi, . . . ,p n ), where C is a smooth and connected curve of genus g and pi, ■ ■ ■ ,p n € C 
are pairwise distinct point. As usual, we set M. g := -M g ,o- A general curve of genus g is a 
curve corresponding to the general point of the irreducible scheme M. g . 

We denote isomorphisms by = and birational equivalences by ~. 

For other definitions, results and notation we always refer to [Ht]. 

1. THE RATIONALITY OF M\, n FOR 1 < 71 < 10 (FOLLOWING BELOROUSSKl) 

In this section we recall some known results about the rationality of Aii, n for 1 < n < 10 
due to P. Belorousski (see [Be]). In order to follow Belorousski's construction, fix four 
points Ai,A2, A3, A4 in Pj^ in linearly general position and three lines rr^, ^2,4 and ^4 
such that the line r iy j passes through the points Ai and A, . 

1.1. The case n < 2. It is well-known that -Mi 5 i = C via the j-invariant, so the first 
non-trivial case is n = 2. In the space C[xi, X2, of cubic forms consider the subspace 
V2 corresponding to cubics in P^ passing through Ai, A 2 , A 3 , A4 and tangent to ri 2 at 
Ai, to r2,4 at A2, and to r^ t 4 at A4. It is easy to see that P(V^) = P^ and that the general 
member of P(V-2) is smooth. Hence there is a natural rational map mi^ : P(V^) --■» -Mi,2 
taking a cubic with its points A\ and A2 to the corresponding 2-pointed curve of genus 1. 
As checked in [Be], Lemma 1.1.4, mi j2 turns out to be birational, so Mi^ is rational. 

1.2. The case 3 < n < 4. Here the argument is very similar to the case n = 2. Define 
P(Vs) C P^ as the set of cubics in P^ passing through A\, A 2: A 3: A 4 and tangent to r\ t 2 
at Ai and to r 2 ,4 at A 2 , and P(V^) C P^ as the set of cubics in P^ passing through A±, A 2 , 
A3, A4 and tangent to r\^. at A\. Exactly as in the previous subsection, there are natural 
isomorphisms P(Vs) = P| and P(14) = P^. and rational maps 1711,3 : ^(^3) — » M\$ and 
777,1,4 : P(14) --■ » ^1,4 forgetting the plane embedding. Once again, in [Be] it is checked 
that both mi 3 and 7771,4 are birational, hence the rationality of .Mi, 3 and M.\^ follows. 

1.3. The case 5 < n < 10. Let V denote the vector space of cubic forms on P^. vanishing 
at the points Ai, A 2 , A 3 , A4. On each general cubic curve C G V the line ri,2 cuts out a 
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third point A 5 different from A\ and A 2 , thus the choice of four points uniquely determines 
a fifth point on the elliptic curve. Consider now the incidence variety 

X n := { (f, A 6 ,..., A n ) e F(V) x (p2 I f{A i ) = 0, i = 6, . . . , n }. 

Since the dimension of V is 6, it follows that X n is non-empty for n < 10. Moreover, Be- 
lorousski shows that X n is irreducible and its general point corresponds to a smooth curve 
(see Lemma 2.5.1 below for a slightly weaker generalization). Hence there is a canonical 
rational map m\^ n : X n --■» M.\, n associating to a general point (/, Aq, . . . , A n ) e X n the 
genus one curve {/ = 0} together with the n distinct points (Ai, . . . , A n ). As proved by 
Belorousski, mi jn is indeed birational for all n > 5 (see [Be], Lemma 1.2.2) and X n turns 
out to be rational for 5 < n < 10 (see [Be], Lemma 1.2.3). Hence Mi, n is rational for all 
n < 10. 

2. The rationality of M 2> n for 1 < n < 12 

Let C be a general curve of genus 2. Then C is hyperelliptic and it carries exactly one g\ 
which is the canonical series. If we choose four, possibly coinciding, points p\ , p 2 , f»3, p^ G C 
then D := pi + p 2 + P3 + P4 defines a linear system \D\ which is a g\. By degree reasons 
\D\ has no base points, so we obtain a morphism (p\D\ : C — > Cd ^ P^, whose image could 
be either an integral conic or a quartic divisor in P^ with necessarily a double point by the 
genus formula for plane curves (see for instance [Ha], Example V.3.9.2). In the first case 
the g\ should be composed with the unique canonical g\, which is absurd if the points in 
the support of D are general. 

Remark 2.1. If \1/:C C is an isomorphism of abstract curves of genus 2 such that 
^(Pi) = Pi, i = 1, • • • , 4 then \I/ carries \D\ to \D'\ := \p[ + p' 2 + p' 3 + p 4 |, thus it induces 
a projectivity ip'-^c ~^ such that ^(Cd) = C' D , := tp\D'\{C) making the following 
diagram 



C C 



(2.1.1) 



<P\n\ 



f\D'\ 



i>\c 



commutative. In particular Ai := <fi\D\(Pi) is mapped by ^>\c D to A\ := tp\D'\{p'i), i = 
l,-..,4. 

Conversely, each projectivity ip: P^ — > P^ mapping Cd to C' D , and to A^, % = 1, . . . , 4, 
is induced by an isomorphism C C such that ^(pi) =p\i i = 1, . . . , 4. 

2.2. The case n = 1. If (C, pi) G A^2,i is general then let D := 4pi. The morphism 
y|D| : C ~ Pc ma P s C to a quartic divisor Cd ^ P^ with a 4-flex and by the genus formula 
Cd turns out to have also a double point. Up to projectivities we can assume that the 
singular point of Cd is E\ := [1,0,0], the 4-flex is E 2 := [0,1,0] and the inflectional 
tangent line isr:={;ri = 0}. Thus the equation of Cd is in 



V := x\C[x2, x 3 ] 2 © xiC[x 2 , x 3 ] 3 © Cx^. 
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Now the standard Bertini's theorem (see for instance [Ht], Theorem II. 8. 18 and Remark 
II. 8. 18.1) guarantees that the general element of V corresponds to an irreducible quartic 
divisor in P^. with exactly one node at E\. Hence we have a rational dominant map 
"7,2, i: V --■> M.2,1 and we are going to identify its fibres. Remark 2.1 implies that /, /' G V 
are in the same fibre of m2,i if and only if there is a projectivity fixing E\, E2 and r and 
sending {/ = 0} to {/' = ()}: thus it is represented by an element of the group 

[ /ai.i \ 

G := < « 2 ,2 «2,3 G GL £ 

I V «3,3/ 

It follows that A^2,i ~ V/G. 

2.3 The case n = 2. If [C,p\,p 2 ) G ^2,2 is general then we can repeat the argument for 
the 1-pointed case with the divisor D := 3pi + p 2 . We can thus assume that the singular 
point of Cd is E\ and the flex is E 2 with inflectional tangent line r := { x\ = } cutting 
Cd also at E3 :— [0, 0, 1]. Thus the equation of Cd is in 

V := xfC[x 2 , xs] 2 © xiC[x 2 , xs]3 © Cx 2 xl. 
Once again, we have a birational equivalence ^2,2 ~ V/G, where 

f /«!,! \ 

G := < a 2) 2 G GL S 

1 V «3,3/ 

2.4 The case n = 3,4. If (C,pi,p 2 ,P3) G ^2,3 (resp. (C,pi,p2,P3,P4) G ^2,4) is general 
then we can repeat the argument for the 1-pointed case with the divisor D := 2pi +P2 +ps 
(resp. D := p\ + p 2 + P3 +^4). We can thus assume that the singular point of Cd is E\ 
and that pi,P2,P3 are respectively mapped to E 2 , E 3 , E := [0, 1, 1]. Thus the equation of 
Cd is in 

V := xjC[x 2 , x 3 ]2 © xiC[x2, x 3 ]3 © Cx 2 (x 2 - X3)x\ 

(resp. in 

V := x\<C[x2, %3h © xiC[x 2 , x 3 ] 3 © x 2 X3(x 2 - x 3 )C[x 2 , X 3 ]i). 

Exactly as above, we obtain a birational equivalence ^2,3 ~ V/G (resp. ^2,4 ~ V/G), 
where 

f /ai.i \ 
G := < a 2 ,2 G GL S 

[ V «2,2/ 

2.5 The case 5 < n < 12. If [C,p\, . . . ,p n ) G 7Vl2,n is general then we can repeat the 
argument for the 4-pointed case, so the equation of Cd is again in 

V := x\C[x 2 , X 3 ] 2 © XiC[x 2 , X 3 }3 © X 2 X3(X2 - X 3 )C[X2, X 3 ]i. 

Consider the incidence variety 

X := { (/, A 5 ,..., A n ) G F(V) x (p2 )- 4 I f(A t ) = 0, i = 5, . . . , n }. 

Now we are going to define a rational dominant map m 2 ^ n : X ---> A^2,n and to investigate 
its fibres. To this purpose we need the following standard result, which will be helpful also 
in the next sections. 
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Lemma 2.5.1. Let V C C[x±, X2, x^\cL be a subspace of dimension v, fix m < v — 1 and 

define 

X' := { (/, A u ..., A m ) G F(V) x (p2 )™ I /(^) = 0, i = 1, . . . , to }. 

Then there exists a maximal non-empty open subset U C (P^) m such that X := X' n 
(P(V) x Z/) is o subbundle of P(V) x W wit/i /?6re P£r m ~ 1 over W 7 m particular it is 
irreducible. Moreover the projection X — > P(V) is dominant. 

Proof. Let { /1, ...,/„} be a basis in V. Then each element / G F is of the form 

/(xi,x 2 ,x 3 ) = 5^a»/i(a;i,X2,X3). 
i=i 

Let Xj^jXj^, Xj t 3 be coordinates on the j th copy of P| inside (Pc) m . Then X' C P(V) x 
(P^) m is defined by the equations 

V 

a ifi( x 3,li X J,2, X ji3 ) = 0, j = 1, . . . , TO. 

i=l 

In particular, the fibres over (Pjc) m are projective spaces of dimension at least v — m — 1 
linearly embedded inside P(V). 

The dimension of the fibres over (P^) m is an upper semi continuous function and it is 
clear from the above equations that there are fibres of dimension exactly v — to — 1, hence 
there is a non-empty open subset U C (P^) m over which the fibre is P^ _m_1 . By restriction 
of the tautological section of P(V) x U, the subscheme X := X' n (P(V) x U) is indeed a 
subbundle, so it is irreducible of dimension dim(P^) m + dimP^~ m_1 = v + m—1. Finally, 
since the fibres over a point of X — > P(V) are products of to times the corresponding curve, 
the projection must be dominant. □ 

We now come back to our case. Here the general element in P(V) is irreducible and 
smooth outside its unique double point E\ (by Bertini's theorem again). It follows that 
the same is true for the general point in X P^ 2-n x (P 2 ) n_4 , thus we obtain a rational 
map m2, n '-X M.2,n- Let G be the image inside PGL3 of 

/«!,! \ 

a 2 , 2 G GL 3 
\ a 2 ,2j 

Then the fibres of TO2, n are the G-orbits of the points in X: in particular they have 
dimension 1. Since dim(X) = n + 4 = dim(.M 2)n ) + 1 we conclude that TO2, n is dominant 
and, as in the previous cases, we have M.2, n ~ X/G. 



We finally conclude this section with 



ON THE RATIONALITY OF MODULI SPACES OF POINTED CURVES 



7 



Main Theorem for g = 2. The moduli space M.2, n is rational for 1 < n < 12. 

Proof. On one hand, if 1 < n < 4 we have checked above that M.2,n ~ V/G where U is a 
linear representation of a solvable and connected algebraic group G. Thus the quotient on 
the right is rational by [Mi] or [Vi] . 

On the other hand, if 5 < n < 12 we have checked above that M.2,n ~ X/G where X is 
a G-linearized projective bundle over the rational base (P^) n-4 with typical fibre ¥j?~ n . 

The scheme X is contained in the G-equivariant trivial projective bundle F(V) xU. It is 
not difficult to check the existence of a G-invariant unisecant L CF(V) xU (i.e. a divisor 
intersecting the general fibre in a hyperplane) . The scheme L n X is then a G-invariant 
unisecant on X, hence X is G-equivariantly birationally equivalent to a G-equivariant 
vector bundle C 12 ~ n x (Pc) n ~ 4 for 5 < n < 12. 

Obviously, the action of G on (P^) n_4 is almost free (i.e., the stabilizer in G of the 
general point of (P^) n ~ 4 is trivial), thus M 2 , n ~ X/G « C 12 " n x (P^) n " 4 /G is a vector 
bundle over the base (P^) ri ~ 4: /G with (12 — n)-dimensional fibre by the results of Section 4 
of [Do]. Moreover, G is a torus and acts linearly on (P^) n_4 , thus (P^) n_4 /G is rational 
(e.g. since G is solvable and connected: see [Mi], [Vi]). □ 

3. The rationality of M 3 ,n for 1 < n < 14 

Let G be a general curve of genus 3. Since G is not hyperelliptic, the canonical system 
\K\ is very ample, whence we obtain an embedding <p\K\'-C —> Ck Q P^- The image is a 
smooth quartic divisor. 

Remark 3.1. If C C' is an isomorphism of abstract curves of genus 3 it carries the 
canonical system of G onto the one of C'. This is equivalent to saying that their canonical 
models Ck, C' k , are projectively equivalent. 

3.2. The case n = 1. Let (G, pi) G A^3,i. We can assume that (Pk(j>i) = E\. Up to 
projectivities we can also assume that Ck is tangent to the line r := { xs = } at the 
point Ei. Thus the equation of Ck is in 

V := Cxfxs © xfC[x2, X 3 ]2 © XiC[x2, Xs]3 © C[X2, X 3 ] 4 . 

As in Section 2.2 there is a rational dominant map m^^-.V — ■* M.3,1 and again Re- 
mark 3.1 allows us to identify its fibres with the orbits of the natural action of the group 

{/ a M a 1)2 «i j3 \ I 
a 2)2 a 2 , 3 G GL 3 \ 
V « 3 ,3/ J 

on V. It follows that M 3j i ~ V/G. 

3.3 The case n = 2,3. If (G, Pi,p 2 ) G 7W3 j2 (resp. (G, ^1,^2,^3) G A^ 3)3 ) we can assume 
that (Pk(Pi) = Ei, i = 1,2 (resp. z = 1,2,3), up to projectivities. Thus the equation of 
Ck is in 

F := x\C[x 2 , x 3 ]i © XiC[x2, x 3 ] 2 © (xi, x 3 )C[x 2 , x 3 ] 3 



8 



G. CASNATI AND C. FONTANARI 



(resp. in 

V := xfC[x2, x 3 ]i © (xl, X 2 X 3 )C[x 2 , x 3 ] 2 © XiC[x 2 , x 3 ] 3 ). 
Once again, we have a birational equivalence A4 3j 2 ~ V/G (resp. ^3,3 ~ V/G), where 



G := 



«i,i 







«2,2 





«1,3 
«2,3 
«3,3 



gGL 3 



(resp. 



G := 



( "1,1 











«2,2 





V 





«3,3 



eGL 3 }). 



3.4 The case 4 < n < 14. If (C,pi, . . . ,p n ) G A^3, n we can assume that (fxiPi) 
i = 1, 2, 3, 4, so that the equation of Co is in 



— -Ei, 



V := { / G xfC[x 2 , X 3 ]l © (xl X2X 3 )£{X2, x 3 ] 2 © xiC[x 2 , x 3 ] 3 I /(1, 1, 1) = }. 



Let us consider the incidence variety 

X' := { (/, A 5 , . . . , A n ) G P(V) x (p2 )- 4 I /(AO = 0, z = 5, . . . , n } 

and consider the irreducible open subscheme X C X' and the open set U C (P|l) n_4 
defined in Lemma 2.5.1. Since the general element in P(V) is irreducible and smooth, 
the same is true for the general point in X. Since the unique automorphism of P^. fixing 
the points E it i = 1,2, 3,4, is the identity we obtain that M 3 , n « X « P^ 4 ~ n x (Pc) n ~ 4 
contained as a subbundle in P(V) x (P^ ) n_4 . 

Now the conclusion is analogous to the one of the previous section. 

Main Theorem for (7 = 3. The moduli space M 3jn is rational for 1 < n < 14. □ 



4. The rationality of Ma,u for 1 < n < 15 

Let C be a general curve of genus 4. Then the canonical system \K\ is very ample, 
whence we obtain an embedding ip\K\'-C — > Ck 5= P^- The image is a sextic curve which 
is the complete intersection of a smooth quadric Q with a cubic. Moreover two such sextic 
curves correspond to the same abstract curve if and only if they are projectively equivalent. 

For each point pi G C the divisor D := K — pi defines a linear system |D| which is a 
g\. The map <p\D\'-C — > Co Q Pc coincides with the projection of C from p±. Its image 
Co is a quintic divisor in P^ passing through A\ := <p\D\(pi)- 

Proposition 4.1. Under the above hypotheses, the curve Co is an integral quintic with 
two nodes N±, AT 2 . The points N±, N 2 and A\ lie on a unique line r. 

Conversely, each integral quintic in P c with exactly two nodes Ni, N2 is obtained in the 
above way. 
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Proof. We start by proving the second part of the statement. We recall that the blow up 
of the plane at two points is isomorphic to the blow up of Q at a point. Keeping this in 
mind, consider an integral quintic with two double points N±, N 2 on the line r. Blowing up 
the plane at N±, N 2 and blowing down the strict transform of r we obtain a smooth curve 
of genus 4 on Q passing through a fixed point. The genus formula for curves on a smooth 
quadric then shows that such a curve is the canonical model Ck of a suitable curve C of 
genus 4 with a fixed distinguished point p\ and the restriction to Ck of the blow up/down 
map coincides with tp\ K _ pi \. 

Conversely, is obviously irreducible and it is also reduced by degree reasons. By the 
genus formula it must contain exactly two double points Ni,N 2 . If N 2 is infinitely near 
to N\, with a proper choice of the coordinates we can assume that N\ := [1, 0, 0] and that 
the tangent line at Ni is r := { X3 = }. Then the equation of Cd must lie in the space 



and a parameter computation shows that the family of plane quintics with such a singular 
point is irreducible of dimension 17. 

On the other hand, an analogous parameter computation shows that the family of plane 
quintics with two nodes is irreducible of dimension 18. Taking into account the first part 
of the proof, it follows that for a general curve C of genus 4 and for a general point pi £ C 
the singularities of Cd are two distinct nodes. 

Finally, if r is the line through Ni, N 2 , then it is easy to check that r • Cd = 2Ni + 
2N 2 +A X . □ 

Remark 4-2. If C — >C is an isomorphism of abstract curves of genus 4 mapping p\ e C 
to p'-y E C , then it carries the canonical system K of C onto the one K' of C . Thus \& 
maps \D\ := \K — p\\ to \D'\ := \K' — p[\. Hence there exists a projectivity ip'-^c ~^ 
such that iJ)(Cd) = C' D , := <p\£>r\(C') and satisfying a commutative diagram of the form 



Conversely, each projectivity i/j: — > mapping Cd to C' D , and A\ to A[ is induced 
by an isomorphism \1>: C —> C such that ^(pi) = p[- 

The above Remark allows us to assume in what follows that the nodes are ATj = 
% = 1,2, hence the line through the nodes is r := { X3 = }. In particular, each projectivity 
if): Fl -> mapping C D to C' D , has to fix { E lt E 2 }. 

4.3. The case n = 1. If (C,pi) G M.4,i and D := K — pi, then the equation of Cd is in 



Moreover, the line r := {£3 = 0} cuts out on Cd the divisor 2E\ + 2E 2 + A\. By 
Bertini's theorem, there is a rational dominant map m^y.U --■» ^4,1 and Remark 4.2 
allows us to identify its fibres with the orbits in U of the natural action of the group 
H = Ho(fi), where 



Cxfxl © xlx 3 C[x 2 , x 3 ] 2 © xiC[x 2 , x 3 ] 4 © C[x 2 , x 3 ] 5 



(2.1.1). 



U := xlC[x 2 ,x 3 ] 2 © (xf,XiX 3 ,X3)C[o:2,X3]3. 
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It follows that M 4 ,i ~ U/H. 

Let G := T{fj), where T is the torus of diagonal matrices in GL 3 and 

V := {x\x\, x\x\) © Xix\€.[x2, x 3 ] 2 © {x\, xl)C[x 2 , x 3 ] 3 . 

We claim that V is a (H, G)-section of U in the sense of [Kal] (see also Section 2.8 of 
[P-V]). 

By definition, the first property to be checked is that V is G-dense in U . Indeed, let 
/ G U be of the form 

f(xi,X2, x 3 ) = aix 1 x 2 — 2a2Xix 2 xs + 6ix 1 x 2 — 262^1^2^3+ 

+ monomials not in (x 1 X2,xiX2X 3 ,x 1 X2,x 1 X2X 3 ). 

If we choose 

/l a 2 /a 1 \ 
h := 1 62/61 e if 
\0 1 J 

then G and we see that V is G-dense in U. 

Next, we need to prove that if / G V is generic and h £ H is such that /i(/) G then 
h e G. Indeed, let f & V be as in formula (4.3.1): then ci2 = 62 = and if / is general 
enough we can suppose a\bi 7^ 0. If 



h := a 2 ,2 ct2,3 G H 




then /i(/) contains the monomials 2aiai j iai j 2C(2,2 x i x 2 x 3 + 26i«f ^0.2,2^2, 2, x \ x 2 x z-, hence 
it follows that h(f) G V if and only if h G T. In a similar way one can argue for /i G iioA^ 
so the claim is checked. 

Now from the properties of sections (see Proposition 1.2 of [Kal]) we deduce ~ 
U/H « V/G. 

4.4 The case n = 2. If (G,t?i,tj 2 ) G A^4,2, let again D := K — pi and consider Go C P^.. 
We can assume that 1 £d(j>2) = E 3 . The equation of G^ is then in 

V := (xf, x 2 xl)C[x 2 , x 3 ] 2 © {x\, x 1 x 3 )C[x 2 , x 3 } 3 . 

Once again, we have a birational equivalence M.2,2 ~ V/G, with G = T([i), T being as 
above the torus of diagonal matrices in GL 3 . 

4.5 The case 3 < n < 15. If (G,pi, . . . ,p n ) G A^4, n , then we can assume that (fD(Pi) = 
Ei+i, i = 2, 3, so the equation of Cd is in 

V := { / G (x?, x 2 x|)C[x 2 , x 3 ] 2 © (a;?, XiX 3 )C[x 2 , x 3 ] 3 I /(l, 1, 1) = }. 

Consider the irreducible scheme X and the non-empty open subset U C (P^.) n ~ 3 defined 
in Lemma 2.5.1, so that X w P^, 5_n x U. The general element in P(V) is irreducible and 
smooth outside its double points i?i and i?2, hence the same is true for the general point 
in X. Since the only automorphisms of P^. fixing the set {E\, E2} and the points E 3 , E4 
are the identity and fj,, it follows that M.^ n ~ X/ (/z). 
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The following theorem concludes this section. 

Main Theorem for g = 4. The moduli space A4^ n is rational for 1 < n < 15. 

Proof. Consider the case n = 1 described in Section 4.3. We have thus a birational map 
■M-4,1 ~ V/G. Now let V\ := (x\x\, x 2 x\, x\x\, x\x\) C V. Since Vi is C7-invariant, 
there exists a decomposition 1/ = Vi © V2 for a suitable G-invariant subspace V 2 C V", in 
particular the projection u: V — > Vi gives a vector bundle structure to V. 

Liiroth's theorem guarantees that V\/G is rational. We now compute the kernel K of the 
action of G on Vi. Consider a general c(xi, X2, X3) := c\x\x\ + c 2 x 2 x\ + c^x\x\ + c^x\x\ G 
Vi. If 

9 ■= I a 2 , 2 I e T 










"2,2 








«3,3 



is in the stabilizer G c of c inside G, then 2^3,3 = a 2, 20^3,3 = ^i,! 01 !^ = ^l.i^t^ = 1) 
thus = ct2,2 = «3,3 and a\ x = 1. A similar computation shows that no elements of 
the form 

/ a ltl 
9 ■= «2,2 0' ! £ T/, 

V « 3 ,3. 

can be in the stabilizer of c. We conclude that K coincides with the normal subgroup of 
scalar fifth roots of the identity: in particular it coincides with the kernel of the action of 
G on V. Thus ~ V/G is rational by the results of Section 4 in [Do]. 

Now consider the case n = 2 described in Section 4.4: once again, we have a birational 
map 7^4,2 ~ V/G and letting Vi := (x^x^ x 2 xf : xfx^ Xix^} C V we get a decomposition 
V = Vi © V2 into G-invariant subspaces. Thus we can prove the statement exactly as in 
the previous case. 

Finally consider the case n > 3 described in Section 4.5. In this case, M.A,n ~ -^7 (/-*)• 
The scheme X w P^ 5 " n x W is a subbundle of P(V) x W which obviously contains a (/x)- 
invariant unisecant L (i.e. a divisor intersecting the general fibre in a hyperplane). Thus 
LC\X is still a (^-invariant unisecant on X. Hence there exists a (//)-equivariant birational 
equivalence X m C 15_n x (P^) 71-3 which is a (/u)-equivariant vector bundle. The group 
(fx) acts on (P^.) n_3 by exchanging the first two coordinates in each factor, so its action 
is trivially almost free. Moreover, this description gives us an obvious (^-equivariant 
birational equivalence (P^)" -3 ss (C 2 ) n_3 . Once again, (/z) exchanges the coordinates 
in each factor of (C 2 ) n_3 , thus (C 2 ) n_3 is a linear representation of the abelian group 
(fx) = Z2 and the quotient is rational (the classical reference for this elementary fact is 
[Fi]). Now we conclude via the already quoted results in [Do]. □ 

5. The rationality of Ms !n for 1 < n < 12 

Let C be a general curve of genus 5. Then the canonical system \K\ is very ample, 
whence we obtain an embedding <p\K\ - C — > Ck Q Pc- The image is an octic curve which 
is the base locus of a net of quadrics. 

For each pair of possibly coinciding general points pi,P2 £ C the divisor D := K—pi —p 2 
defines a linear system |D| which is a g\. The map <p\D\'- C — > Co C P^ coincides with the 
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projection of C from the line joining pi and p 2 (if pi = P2 it coincides with the projection 
from the tangent line to C at the point pi). Its image Cd is a sextic divisor in P^ passing 
through the points Ai := <p\D\(pi)- 

Proposition 5.1. Under the above hypotheses, the curve Cd is an integral sextic with 
five nodes N±, . . . , N 5 . The points N±, . . . , N$ and Ai, A 2 lie on a unique integral conic C . 
If A\ = A2 such a conic is tangent to C at A\ . 

Conversely, each integral sextic in P^ with exactly five nodes N±, . . . ,Ns lying on an 
integral conic C is obtained in the above way. 

Proof. We start by proving the second part of the statement. Consider an integral sextic 
with five nodes N±, . . . , N 5 in general position. Thus the blow up of the plane at the points 
Ni,...,N 5 is a quartic del Pezzo surface E. If we consider the anticanonical embedding of 
E inside P 4 ,, then the strict transform C of the curve is smooth and it is cut out on E by 
a quadric. Since E is the complete intersection of two quadrics, C is the smooth complete 
intersection of three quadrics in P£ i.e. it is the canonical model Ck of a suitable curve 
C of genus 5. The points iVi, . . . , iV 5 lie on a unique integral conic C cutting out only two 
other, possibly coinciding, points on our curve. The strict transform of C is a line on E 
intersecting Ck at two, possibly coinciding, points pi,P2- Then the restriction to Ck of 
the blow up map coincides with (p\ K - Pl - P2 \ ■ 

Conversely, it is clear that Cd is irreducible. In order to prove it is integral it then 
suffices to check it is reduced. If Cd is a triple conic (resp. a double smooth cubic, a 
double singular cubic) then C would be trigonal (resp. bielliptic, hyperelliptic) , thus C 
would not be general. 

Thus we can assume that Cd is actually integral. Clearly Cd is singular and by the 
genus formula it carries at most triple points as singularities. Since C, being general, is not 
trigonal, then Cd carries only double points, which turn out to be exactly five (possibly 
infinitely near), again by the genus formula. We denote them by iv\, . . . , N$. Since Cd is 
integral such five nodes N±, . . . , i\T 5 lie necessarily on a reduced conic C. If C is integral 
then it is clearly unique. If C is the union of two lines, one of them contains three of the 
five nodes Ni, . . . , N 5 , the other one the remaining two points, hence it is unique also in 
this case. 

Sextics with five assigned double points on a reduced conic C form a linear system 
of dimension 21. If C is reducible then the points Ni, . . . , can be chosen freely, the 
remaining one iVs on the line joining Ni and N 2 . Thus the locus of sextics with a reducible 
C is dominated by a projective bundle with fibre F}? over the product (P^) 4 x P^, hence it 
is irreducible and its dimension is 21. Analogously, other standard parameter computations 
show that each family of such plane integral sextics with infinitely near double points has 
dimension at most 21. 

Similarly one can also check that the locus of plane integral sextics with five pairwise 
distinct nodes on an integral conic is irreducible of dimension 22. Since we have proved 
above that each plane sextic with such a second configuration of singularities is the pro- 
jection from a suitable secant line of its canonical model, it follows that for a general curve 
C of genus 5 and for general points pi,P2 £ C the singularities of Cd are five nodes. 

By construction, for each general line I C P^, the divisor I ■ Cd + A\ + A 2 is in the 
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canonical system. Since the canonical system is cut out on Cd by the adjoints of degree 3 
we have the linear equivalence on Cd 

5 

£ ■ C D + A t + A 2 ~ £ ■ C D + 6 ■ C D - 2 ^ N t . 

i=i 

Thus A x + A 2 ~ C ■ C D - 2 Y%=\ N * and 

since Cd is not hyperelliptic we have C ■ Cd = 

A 1 +A 2 + 2J2 5 i=1 N i ,i.e. A^A 2 ed. □ 

Remark 5.2. As in the genus 4 case, if \I/:C — > C is an isomorphism of abstract curves 
of genus 5 mapping pi G C to p\ G C , then it carries the canonical system K of C onto 
the one K' of C". Thus \1/ maps |£)| := |K — p\ — p 2 \ to := \K' — p[ — p' 2 \. Hence 
there exists a projectivity ip: P^. — > P^. sending Co to C D , := (p\ D i\{C) and inducing a 
commutative diagram of the form (2.1.1). 

Conversely, each projectivity ip'-^c ~~ mapping Cd to C' D , and A^ to is induced 
by an isomorphism C C such that ^(pi) = p[, i = 1,2. 

The above remark allows us to assume in what follows that A\ = E\ (resp. A± = Ei, 
i = 1,2) andC := { = }. Notice that C is the image of the Veronese embedding 

v: P,£ — > P^ given by [si, s 2 ] i— > [sf , s|, sis 2 ]. In particular, two divisors Cd, C d , C P^. turn 
out to be projectively equivalent if and only if they are mapped one onto the other by an 
automorphism of P^. fixing A\ (resp. Ai, % = 1,2) and C. Every such automorphism is 
induced by an automorphism of C = P^ fixing v~ 1 (Ai) (resp. v~ 1 {Ai), i = 1,2), since it 
is well known restriction gives an isomorphism between the group of automorphisms of P^ 
fixing C and the group of automorphisms of C = P^. 

The five nodes correspond to an unordered 5-tuple of pairwise distinct points Si, . . . , S$ 
in P^ \ { Ei } (resp. P^ \ { E\,E 2 }). The set of such 5-tuples can be naturally identified 
with the open subset P5 C P 5 := P(C[si,S2]s) corresponding to polynomials without 
multiple roots and not divisible by s 2 (resp. either s\ or s 2 ). 

5.3. The case n = 1. If {C,p\) G M.5,1 and D := K — 2p\, then Cd is a sextic tangent 
to the line { x 2 = } at the point Ei, hence it is defined by a polynomial in 

V := Cx\x 2 © xfC[x 2 , x 3 ] 2 © x\C[x 2 , x 3 ]s © x\C[x 2 , x 3 ] 4 © xiC[x 2 , x 3 ] 5 © C[x 2 , x 3 ] 6 . 

If we consider the incidence variety 

Y:= { (f,S 1 ,...,S 5 ) e¥(V) xP° I N z :=v(Si) is a node of { / = }, % = 1, . . . , 5 } 

with projection -ny.Y — > P5, then the above description shows that the equation of Cd 
belongs necessarily to a fibre of ny • Conversely, 

Lemma 5.3.1. The scheme Y is a subbundle o/P(V) x P5 with typical fibre P^° over P° 7 
in particular it is irreducible. 

Moreover the general point in Y corresponds to an irreducible sextic curve tangent to 
the line r at the point E\, containing exactly five nodes on C and no other singularities. 
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Proof. The first part of the above statement can be checked by imitating the proof of 
Lemma 2.5.1: in this case, using reducible curves it is easy to see that the dimension of 
the fibres of ivy over Pej is constant. The smoothness of the curve corresponding to the 
general point of Y can be easily proved by applying Bertini's theorem to suitable reducible 
curves singular at the points Ni, . . . , N$. □ 

Thus there is a rational dominant map 777-5,1: Y Ai^x- Remark 5.2 allows us to 
identify its fibres with the orbits in Y of the natural action of the stabilizer in GL2 of the 
point [1, 0] = v ~ 1 (A 1 ), which is the image H inside PGL 2 of 

{ (T 

It follows that M 5 ,i ~ Y/H. 

Let P 5 := P((sf , sfs^) s i s l) s i s 2? s l)) n an d consider the incidence variety X : = 
7Ty 1 (P 5 ) with projection n := (tt y )\x : X — > P 5 . The variety X is generically a projective 

bundle with typical fibre P^ over the rational base B = P°. 

Let T = C* C PGL2 be the image of the torus of diagonal matrices. We claim that 
X is a (H, T) -section of Y. Since X = 7Ty 1 (P 5 ) is irreducible and it dominates P 5 , by 

Proposition 1.2 of [Kal] it is sufficient to check that P° is a (H, T)-section of P°: this last 
assertion is an easy exercise using Tschirnhaus transformations. 
We conclude that M 5 ,i ~ Y/H « X/T. 

5.4 The case n = 2. If (C, pi,p<i) £ -M-5,2, set D := K — pi — p 2 and consider Cd C P 2 . 
Cd is a sextic through the points Ei,E 2 , hence it is defined by a polynomial in 

V := x\C[x 2 , x 3 ]i © xjC[x 2 , x 3 ] 2 © xfC[x 2 , x 3 ] 3 © x\C[x 2 , x 3 ] 4 © (xi, x 3 )C[a;2, x 3 } 5 . 
Once again, define the incidence variety 

X := { (/, Si, ... , 5 5 ) G P(V) X P° I ATj := u(^) is a node on { / = }, i = 1, . . . , 5 }. 
As in the previous case, the following result holds. 

Lemma 5.4.1. The scheme X is a subbundle o/P(V) x P5 with typical fibre P^° over P^ 7 
in particular it is irreducible. 

Moreover the general point in Y corresponds to an irreducible sextic curve through the 
points Ei, E 2 , carrying exactly five nodes on C and no other singularities. □ 

As in Section 5.3, M 5 , 2 w X/T. 

5.5 The case 3 < n < 12. If (C,pi, . . . ,p n ) G A^5, n , set once again D := K — pi — p 2 
and consider Cd Q Pc- Let 

V := x\C[x 2 , x 3 ]i © xfC[x 2 , x 3 ] 2 © xlC[x 2 ,x 3 ] 3 © x\C[x 2 , x 3 ] 4 © (xi, x 2 )C[x 2 , x 3 ] 5 
and define the incidence variety 

X' := { (f, S ,..., S 4 , A 3 , ... , A n ) G ¥(V) x P° x (P2 )»" 2 I 

:= u(S'i) is a node on { / = }, % = 1, . . . , 5, f(Aj) = 0, j = 3, . . . , n } 

with projection n: X — > P5 x (P^.) n_2 . Combining the proofs of Lemma 2.5.1 and Lemma 
5.3.1 one obtains the following 
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Lemma 5.5.1. There exists an open non-empty subsetU C (P 2 ) n 2 such that the scheme 
X := X' n (F(V) x P° x U) is a subbundle o/P(V) xPgxW with typical fibre Pj 2 ~ n over 
F° 5 x U. 

Moreover the general point in X corresponds to an irreducible sextic curve through the 
points E\,E<i, containing exactly five nodes on C and no other singularities. □ 

As above we conclude M.5, n ~ X/T. 

Finally we are able to prove the following result. 

Main Theorem for (7 = 5. The moduli space M.$, n is rational for 1 < n < 12. 

Proof. In all the cases X is contained in a suitable T-linearized projective bundle over a 
rational base B contained in the trivial T-equivariant projective bundle F(V) x B. Clearly 
there exists a T-invariant unisecant L C F(V) x B (i.e. a divisor intersecting the general 
fibre in a hyperplane): the scheme LC\X is then a T-invariant unisecant on X , hence X is 
T-equivariantly birationally equivalent to a T-equivariant vector bundle C R ^ x B where 
R(l) = R(2) = 10 and R(n) = 12 - n for 3 < n < 12 as shown in Sections 5.3, 5.4, 5.5. 

The action of T on the base B is in all cases almost free, thus -A/f 5in ~ -^/T « C R ^ xB /T 
is a vector bundle over the base B/T with i?(n)-dimensional fibre due to the results of 
Section 4 of [Do]. It remains then to prove that the unirational variety B/T is actually 
rational. To this purpose, we distinguish the cases n = 1, 2 and n > 3. 

If n = 1, 2 then B is a projective linear representation of the connected solvable group 
T, hence B/T is rational (see [Mi], [Vi]). 

If instead n > 3 then apply the results of [Do], Section 4, to the projective bundle 
P° x (P 2 ) n ~ 2 — > Pj?. Once again, rationality follows and the proof is over. □ 
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